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ABSTRACT. In this paper we define a general class of convex functions, denoted by $SL_{\beta}^{\epsilon}(q)$ ,
with respect to a convex domain $D(q(z)\in \mathcal{H}_{u}(U), q(\mathrm{O})=1,$ $q(U)=D)$ contained in the right
half plane by using the linear operator $D_{\lambda}^{\beta}$ defined by
$D_{\lambda}^{\beta}$ : $Aarrow A$ ,
$D_{\lambda}^{\beta}f(z)=z+ \sum_{j=2}^{\infty}(1+0-1)\lambda)^{\beta}a_{j}z^{j}$ ,
$\mathrm{w}\mathrm{h}\varpi \mathrm{e}\beta$ , A $\in \mathrm{R},$ $\beta\geq 0,$ $\lambda\geq 0$ and $f(z)=z+ \sum_{j=2}^{\infty}a_{j}z^{j}$ . This operator generalize the $\mathrm{s}\mathrm{g}\iota \mathrm{a}_{\mathrm{g}\mathrm{e}\mathrm{m}}$
operator and the Al-Oboudi operator. Regarding the class $SL_{\beta}^{c}(q)$ we give a inclusion theorem,
a praeuving theorem (we use the Libera-Pascu integral operator) and many particular results.
2000 Mathematical Subject Classification: $30\mathrm{C}45$
Key words and phrases: Convex functions, Libera-Pascu integral operator, Briot-Bouquet
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1 Introduction
Let $\mathcal{H}(U)$ be the set of functions which are regular in the unit disc $U,$ $A=\{f\in \mathcal{H}(U)$ :
$f(\mathrm{O})=f’(0)-1=0\},$ $\mathcal{H}_{u}(U)=$ { $f\in \mathcal{H}(U)$ : $f$ is univalent in $U$} and $S=\{f\in A$ :
$f$ is univalent in $U$}.
Let $D^{\mathfrak{n}}$ be the $\mathrm{s}\mathrm{m}*\mathrm{e}\mathrm{a}\mathrm{n}$ differential operator (see [13]) defined as:
$D^{\mathfrak{n}}$ : $Aarrow A$ , $\mathrm{n}\in \mathrm{N}$ and $D^{0}f(z)=f(z)$
$D^{1}f(z)=Df(z)=zf’(z)$ , $D^{n}f(z)=D(D^{\mathfrak{n}-1}f(z))$ .
Remark 1.1 If $f\in S,$ $f(z)=z+ \sum_{\mathrm{j}=2}^{\infty}a_{j}z^{j},$ $z\in U$ then $D^{n}f(z)=z+ \sum_{\mathrm{j}=2}^{\infty}j^{n}a_{j}z^{\mathrm{j}}$ .
Let $n\in \mathrm{N}$ and $\lambda\geq 0$. Let denote with $D_{\lambda}^{\mathfrak{n}}$ the Al-Oboudi operator (see [7]) defined by
$D_{\lambda}^{n}$ : $Aarrow A$ ,
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$D_{\lambda}^{0}f(z)=f(z),$ $D_{\lambda}^{1}f(z)=(1-\lambda)f(z)+\lambda zf’(z)=D_{\lambda}f(z)$ ,
$D_{\lambda}^{n}f(z)=D_{\lambda}(D_{\lambda}^{n-1}f(z))$ .
We observe that $D_{\lambda}^{n}$ is a linear operator and for $f(z)=z+ \sum_{j=2}^{\infty}a_{j}z^{j}$ we have
$D_{\lambda}^{\mathrm{n}}f(z)=z+ \sum_{j=2}^{\infty}(1+0-1)\lambda)^{n}a_{j}z^{j}$ .
The aim of this paper is to define a general class of convex functions with respect to a
convex domain $D$ , contained in the right half plane, by using a operator which generalize
the S\S llgean operator and the Al-Oboudi operator and to obtain some properties of this
class.
2 Preliminary results
We recall here the definition of the well-known class of convex functions
$S^{c}=CV=K=\{f\in H(U);f(\mathrm{O})=f’(0)-1=0,$ $Re \{1+\frac{zf’’(z)}{f(z)},\}>0,$ $z\in U\}$
Remark 2.1 By using the subordination relation, we may define the dass $S^{\mathrm{c}}$ thus
if $f(z)=z+a_{2}z^{2}+\ldots,$ $z\in U$ , then $f\in S^{\mathrm{c}}$ if and $or\iota ly$ if $\{1+\frac{zf’’(z)}{f’(z)}\}\prec\frac{1+z}{1-z},$ $z\in U$ ,
where by $”\prec^{\mathrm{z}}$’ we denote the subordination relation.
Let consider the Libera-Pascu integral operator $L_{a}$ : $Aarrow A$ defined as:
(1) $f(z)=L_{a}F(z)= \frac{1+a}{z^{a}}\int_{0}^{z}F(t)\cdot f^{-1}dt$ , $a\in \mathbb{C}$ \dagger $Rea\geq 0$ .
In the case $a=1$ this operator was introduced by R.J.Libera and it was studied by
many authors in different general cases. In this general form $(a\in \mathrm{C} , Rea\geq 0)$ was
used first time by N.N. Pascu in [12].
Deflnition 2.1 [$\mathit{6}J$ Let $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0_{l}\lambda\geq 0$ and $f(z)=z+ \sum_{j=2}^{\infty}a_{j}\dot{d}$ . We denote by
$\theta_{\lambda}$ the linear operator defined by
$D_{\lambda}^{\beta}$ : $Aarrow A$ ,
$D_{\lambda}^{\beta}f(z)=z+ \sum_{j=2}^{\infty}(1+\circ-1)\lambda)^{\beta}a_{j}z^{j}$ .
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Remark 2.2 It is easy to observe that for $\beta=n\in \mathrm{N}$ we obtain the $Al$-Oboudi operator
and for $\beta=n\in \mathrm{N},$ $\lambda=1wc^{}$ obtain $thc^{!}S\dot{a}l\dot{ag}c^{\mathrm{J}}an\mathrm{o}pc7\mathrm{U}$to7.
The next theorem is result of the so called “ admissible functions method” introduced
by P.T. Mocanu and S.S. Miller (see [9], [10], [11]).
Theorem 2.1 Let $h$ convex in $U$ and $Re[\beta h(z)+\gamma]>0,$ $z\in U.$ If $p\in H(U)$ urith
$p(\mathrm{O})=h(\mathrm{O})$ and $p$ satisfied the Briot-Bouquet differential $s\mathrm{u}$bordination
$p(z)+ \frac{zp’(z)}{\beta \mathrm{p}(z)+\gamma}\prec h(z)$ , then $p(z)\prec h(z)$ .
3 Main results
Definition 3.1 Let $q(z)\in \mathcal{H}_{u}(U)$ , with $q(\mathrm{O})=1$ and $q(U)=D$, where $D$ is a convex
domain, ($iont,aine\Lambda$ in the ri.qh,t $h,dfplan.e,,$ $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0$ and $\lambda\geq 0$ . We say that a
function $f(z)\in A$ is $i|\iota$ the class $SL_{\beta}^{\mathrm{c}}(q)$ if $\frac{D_{\lambda}^{\beta+2}f(z)}{D_{\lambda}^{\beta+1}f(z)}\prec q(z),$ $z\in U$ .
Remark 3.1 Geometric interpretation: $f(z)\in SL_{\beta}^{c}(q)$ if and only if $\frac{D_{\lambda}^{\beta+2}f(z)}{\theta_{\lambda}^{+1}f(z)}$ take all
valuc.9 in, $thr$ convex domaf.$n$ $D$ rontainnd in the ri.qht, half-plane.
Remark 3.2 It is easy to observe that if we choose different function $q(z)$ we obtain
variously dasses of convex hnctiom, such as (for example), for $\beta=n\in \mathrm{N}$ the dass
$SL_{\mathfrak{n}}^{\mathrm{c}}(q)$ (see $[\mathit{3}J$), for $\lambda=1$ and $\beta=0$ , the class of convex functions, the dass of convex
$hr\iota ct_{l}’or\iota s$ of $\mathit{0}’ d\mathrm{c}^{\mathrm{J}}r\gamma(sc^{l}e[\mathit{8}/),$ thc dass of convcx $fu\mathrm{f}\iota\iota t\dot{\iota}\mathrm{o}t\iota s$ with $r\iota^{l}s\mu^{r},ct$ to a hypcrbola $(sc\mathrm{c}^{l}$
[$\mathit{5}J)$ , and, for $\beta=n\in \mathrm{N}$ and $\lambda=1$ , the class of $n$-convex functions (see $[ZJ$), the class
of $n$-convex functions utth respect to a hyperbola (see $[\mathit{1}J$), the class of $n$-convex functions
utth respect to a convex domain contained in the right half-plane(see $[\mathit{2}J$), for $\beta\in \mathrm{R}$ and
$\lambda=1,$ $th\iota^{l}$ class $S_{\beta}^{\mathrm{c}}(q)$ of $thc^{\lambda}\beta- q-\omega$nvcr $fun\iota tior\iota s(sc\mathrm{c}^{\mathrm{J}}[\mathit{4}/)$ .
Remark 3.3 For $q_{1}(z)\prec q_{2}(z)$ we have $SL_{\beta}^{c}(q_{1})\subset SL_{\beta}^{\mathrm{c}}(q_{2})$ . $fi\}_{\mathrm{Y}},m$ the above $\mathrm{r}nr$, obtain
$SL_{\beta}^{\mathrm{c}}(q) \subset SL_{\beta}^{\mathrm{c}}(\frac{1+z}{1-z})$
Theorem 3.1 Let $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0$ and $\lambda>0.$ We $h,ave$.
$SL_{\beta+1}^{c}(q)\subset SL_{\beta}^{\mathrm{c}}(q)$ .
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Proof. Let $f(z)\in SL_{\beta+1}^{\mathrm{c}}(q),$ $f(z)=z+ \sum_{j=2}^{\infty}a_{j}d$ .
With notation















$z+ \sum j(1+0-1)\lambda)^{\beta+2}a_{j}\dot{d}\infty$ $z+ \sum j(1+(j-1)\lambda)^{\beta+1}a_{j}z^{j}\infty$























IFbom (2) we obtain
$\frac{D_{\lambda}^{\beta+3}f(z)}{D_{\lambda}^{\beta+2}f(z)}=\frac{1}{\mathrm{p}(z)}(p(z)^{2}+\lambda zp^{j}(z))=p(z)+\lambda\frac{zd(z)}{\mathrm{p}(z)}$ ,
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where $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0,$ $\lambda>0$ .
Rom $f(z)\in SL_{\beta+1}^{\mathrm{c}}(q)$ we have
$p(z)+ \lambda\frac{zp’(z)}{p(z)}\prec q(z)$ ,





This means $f(z)\in SL_{\beta}^{\mathrm{c}}(q)$ .
Corollary 3.1 For cvcry $\beta\in \mathrm{N}^{*}wc^{}$ havc $SL_{\beta}^{\mathrm{c}}(q)\subset SL_{0}^{\mathrm{c}}(q)\subset S^{\mathrm{c}}$ .
Theorem 3.2 Let $\beta,$ $\lambda\in \mathrm{R}_{f}\beta\geq 0$ and $\lambda\geq 1$ . If $F(z)\in SL_{\beta}^{c}(q)$ then $f(z)=L_{a}F(z)\in$
$SL_{\beta}^{\mathrm{c}}(q),$ $wl\iota er\epsilon L_{a}$ is $tl\iota e$ Libera-Pascu $ir\iota twml$ operator defined by (1).
Proof. From (1) we have
$(1+a)F(z)=af(z)+zf’(\approx)$
and, by $\mathrm{u}8\dot{\mathrm{i}}\mathrm{g}$ the $1_{\dot{\mathrm{i}}}$ear operator $D_{\lambda}^{\beta+1}$ , we obtain
$(1+a)D_{\lambda}^{\beta+1}F(z)=aD_{\lambda}^{\beta+1}f(z)+D_{\lambda}^{\beta+1}(z+ \sum_{j=2}^{\infty}ja_{j}z^{j})$
$=aD_{\lambda}^{\beta+1}f(z)+z+ \sum_{j=2}^{\infty}(1+(j-1)\lambda)^{\beta+1}ja_{j^{Z^{j}}}$
















$\frac{D_{\lambda}^{\beta+2}F(z)}{D_{\lambda}^{\beta+1}F(z)}=\frac{\frac{D_{\lambda}^{\beta+3}f(z)}{D_{\lambda}^{\beta+1}f(z)}+((a+1)\lambda 1)\cdot p(z)}{p(z)+((a+1)\lambda 1)}=$
We have (see the proof of the above theorem)
$\frac{D_{\lambda}^{\beta+\theta}f(z)}{D_{\lambda}^{\beta+1}f(z)}=p(z)^{2}+\lambda zp^{t}(z)$ .
From (4), we obtain
$\frac{D_{\lambda}^{\beta+2}F(z)}{D_{\lambda}^{\beta+1}F(z)}=\frac{p(z)^{2}+\lambda zp’(z)+((a+1)\lambda-1)p(z)}{p(z)+((a+1)\lambda-1)}=p(z)+\lambda\frac{zp’(z)}{p(z)+((a+1)\lambda-1)}$ ,
where $a\in \mathrm{C},$ $Rea\geq 0,$ $\beta,\lambda\in \mathrm{N},$ $\beta\geq 0$ and $\lambda\geq 1$ . From $F(z)\in SL_{\beta}^{c}(q)$ we have
$p(z)+ \frac{zp’(z)}{\frac{1}{\lambda}(p(z)+((a+1)\lambda-1))}\prec q(z)$ ,
where $a\in \mathbb{C},$ $Rea\geq 0,$ $\beta,$ $\lambda\in \mathrm{R},$ $\beta\geq 0,$ $\lambda\geq 1$ , and from her construction, we have
$Req(z)>0$. In this conditions we have from Theorem 2.1 we obtain
$p(z)\prec q(z)$
or
$f \frac{fl_{\lambda}^{2}f(z)}{D_{\lambda}^{\beta+1}f(z)}\prec q(z)$ .
This means $f(z)=L_{a}F(z)\in SL_{\beta}^{\mathrm{c}}(q)$ .
For $\beta=n\in \mathrm{N}$ and $\lambda=1$ we $\mathrm{o}\mathrm{b}\mathrm{t}\dot{u}\mathrm{n}$
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Corollary 3.2 If $F(z)\in CV_{n}(q)$ then $f(z)=L_{a}F(z)\in CV_{n}(q)$ , where $L_{a}$ is the Libera-
Pascu $intc^{r}grul$ opcrator and by $CV_{n}(q)wc^{J}$ dcnotc $thc$ dass of $n$ -wnvcx fimctions subordi-
nate to the function $q(z)$ (see $[ZJ$).
For $\beta=n\in \mathrm{N}$ we obtain
Corollary 3.3 [$SJ$ $Letn\in \mathrm{N}$ and $\lambda\geq 1$ . $IfF(z)\in SL_{n}^{\mathrm{c}}(q)$ then $f(z)=L_{a}F(z)\in SL_{n}^{\mathrm{c}}(q)$ ,
where $L_{\iota}$ is the Libera-Pascu integrd operator defined by (1).
For $\beta\in \mathrm{R}$ and $\lambda=1$ we obtain
CoroMy 3.4141 If $F(z)\in S_{\beta}^{e}(q)$ then $f(z)=L_{a}F(z)\in S_{\beta}^{\mathrm{c}}(q)$ , where $L_{a}$ is the Libera-
Pascu integral operator defined by (1).
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